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Abstract 

Some classes of the rational, periodic and solitary wave solutions 
for the Burgers hierarchy are presented. The solutions for this hierar- 
chy are obtained by using the generalized Cole - Hopf transformation. 



1 Introduction 

The Burgers hierarchy is well known family of nonlinear evolution equations. 
This hierarchy can be written in the form 

d ( d \ n 

ut + a— I— — h u 1 u — 0, n — 0, 1, 2, . . . , (1) 



dx \dx 

At n = 1 Eq. ([T]) is the Burgers equation 

u t + 2auu x + au xx = 0. (2) 

Eq. 02]) was firstly introduced in pQ. It's well known that the Burgers equa- 
tion can be linearized by the Cole — Hopf transformation [2113] • Exact solu- 
tions of Eq.([2]) were discussed in many papers( see for example [IH?J ). 

In the case n = 2 from Eq. ([T]) we have the Sharma - Tasso - Olver (STO) 
equation 

u t + a u xxx + 3a u 2 x + 3 a u u xx + 3 a u 2 u x = 0. (3) 



The STO equation was derived in [8,9|. Some exact solutions of this equation 
was obtained in [T0lfT6l. 
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At n = 3 and n = 4 we have the following fourth and fifth order partial 
differential equations 

u t + a u xxxx + 10 a u x u xx + 4 a uu xxx + 12 a uu 2 x + 
+6 au 2 u xx + Aau 3 u x = 0, 

u t + a u xxxxx + 10 a u 2 xx + 15 a u x u xxx + 5 a uu xxxx + 15 a u 3 x + 
+50 a uu x u xx + 10 a it + 30 a u u x + 10 a u u xx + 5 au u x = 0. 

In this paper we present the generalized Cole — Hopf transformation 
which we use for finding different types of exact solutions: the solitary wave 
solutions, the periodic solutions and the rational solutions. The advantage 
of our approach is that we can find the exact solutions for whole Burgers 
hierarchy. We can construct them without using the traveling wave. This 
fact allows us to obtain solutions of different types. 



2 Generalized Cole — Hopf transformation 
for solutions of the Burgers hierarchy 

Eq. (pQ) can be linearized by the Cole — Hopf transformation [9tfT7]IT8] 

u = -jjf, * = *(ar,t) (6) 
Taking this transformation into account, we have [T5] 

Ut + a d- X {d-x +U ) U= dx-{ * "J' (7) 

where ^ n>x - n-th derivative of \l/ with respect to x. 

Exact solutions of the Burgers equation can be obtained by using a gen- 
eralization of the Cole — Hopf transformation [TTH23] . This transformation 
can be written as 

u=^ + F, F = F(x,t) (8) 

where F(x, t) satisfies the Burgers equation. Let us show that transformation 
([H]) is valid for all hierarchy ([[]). First of all, we prove the following lemma. 
Lemma 1 The following identity takes place 

( 9 . V xx \ n f ra ^n+2,x 



I ^ xx i ^ xx ^ n-t-z,x /q\ 
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where ^f U:X is n-th derivative of \I/ with respect to x. 

Proof. Let us apply the method of mathematical induction. When n — 1 

we get 

At n = 2 we have 

9 iT/\ 2 \]> / $ vCr \ ilr \]> 

l / J r r \ ^ XX I w ^ XX 1 * XXX ^IMI / 1 1 \ 

iTr J iTr iTr \ / 



By the induction, assuming 77. = k — 1, we obtain 

d | ^xxV" 1 ^xx _ Vk+l,x 



dx fj ^ \Jr 
Finally, when n = fc we have 



x 



dx * / \Jr \]> 



F # x $ 

F, + F 2 = ^ 

F ty^r 



(13) 



This equality completes the proof. □ 

Theorem 1 Let F(x,t) be a solution of Eq. ([T]). Then 

u=^ + F (14) 

is the solution of the Burgers hierarchy (pQ). 

Proof. Using the Cole-Hopf transformation (161) , we obtain 

f = 

4 ax V * 



(15) 
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Substituting transformation ( 1141) into hierarchy ([I]) and taking the Lemma 
1 and Eq. (|15p into account we have following set of equalities 



FxA FxFt +F t + a^-(-^ + ^ + F] 75+ / 



F F 2 dx V dx F I \ F 



d ( F t \ ^ d ( d F x + F 2 \ n {F x + F 2 
— + F t + a— — + 



(16) 



dx V F J 1 dx V dx F J \ F 



d fS! xA %\ , d f%\ , d ( d , VsxYfVxx 

a 



dx V * / dx V * J dx \dx ty x I V V x 



(17) 



a ^x,* ( d * xx \ n 

+ a — + 



,t:,t 



+ «^t— =z:hiri:(** + = o (is 



dx \ ty x ty x J dx \ty x dx 

Thus, we have that if F(x,t) satisfies equation (JTJ then u(x,t) by formula 
(fll]) . is solution of (EQ) as well. □ 



3 Solitary wave solutions of the Burgers hi- 
erarchy 

Let us show that the Burgers hierarchy has the solution in the form 

Y^f=i k) exp (kj x - a k" +1 1 - x^ 



Ef=i k l f l exp (*,- x-a kf 1 1 - x<f) ' (1Q) 



(j = l,2,...A0, (n,Z = l,2,...) 

where kj and Xq are arbitrary constants. 
This result follows from the theorem. 
Theorem. Let 

U = ^, (20) 
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be a solution of the Burgers hierarchy. Then 

Uk+l = -^T' ^ = (21) 

is a solution of the Burgers hierarchy as well. 

Proof. This theorem follows from the generalized transformation ( |14p 
for the solution of the hierarchy ([j]). Let 

U Q = F(x,t) (22) 

be the solution of the hierarchy ([Tj) equation, then 

TP _l_ F 2 

Ut = (23) 

is also the solution of the Burgers hierarchy by the generalized transformation 
for the solution of the hierarchy ([Tj). 

Formulae (1221) and (1231 can be written in the form 



U Q = % C/i = (24) 
Assume that 

ym—l,x UJj 

is the solution of the hierarchy ([TJ) and substituting U m into the generalized 
transformation ffl4"j) we obtain that 

CWi = 77 = — (26) 

Urn Ym,x 

is a solution of hierarchy (TTj . 

This equality completes the proof. □ 

This theorem allows us to have the solutions of the Burgers hierarchy in 
the form 1115]) . 

It is obvious, that function 

N 

^ (x, t) = Y^ ex P (zj), Zj = kjx-a k] +1 1 - xf (27) 
i=o 

is the solution of the 

ifj t + a^ n+1:X = (28) 
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By the Cole — Hopf transformation (jH]) we have the solution of the Burg- 
ers hierarchy in the form 



J2f=o kj exp ( Zj 
Z^=o ex P(%;> 



») = ^ Zj = k 3 x-a k^ t - xf (29) 



Taking the theorem into account we have the solution of the hierarchy 
(HJ in the form (1T91 . 

Let us present some examples. When iV = 2, n = I = 1 we have the 
solution of the Burgers equation 

TT {2,2) _ h exp (z t ) + k 2 exp (z 2 ) 
U 1 — 



exp (z\) + exp (z 2 ) 

(30) 

Zj — — kjX cx kj t Xq j (yj — — lj 2^ 

In the case N = 2, n = I = 2 we have the solution of the Sharma — Tasso — 
Olver equation in the form 

( 3)2 ) = k\ exp (zi) + k\ exp (z 2 ) 
1 ki exp (zx) + k 2 exp (z 2 ) ' 

(31) 

Zj = kjX — ak^t — Xq , (j = 1, 2) 

When iV = 3, n = 2 and I = 5 we obtain the following solution of the 
Sharma — Tasso — Olver equation 

r r(3,3) _ fc i ex P (^i) + k 2 ex P (^) + fcf exp (z 3 ) 



k\ exp (zij + k 2 exp (z 2 ) + ki exp (z 3 ) ' 

(32) 



2^ — kjX ex kj t Xq j — I, 2, 3) 

In the case N = 2, n = 3 and I = 3 we have solitary wave solution for 
the Eq. ® 

(4,2) _ fcf exp(zi) + k\ exp (s 2 ) 

Co 



fc? exp (zi) + fcn exp (z 2 ) ' 

(33) 



= kjX — akjt — Xq , (j = 1,2) 
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We can see that Eq. (|28p is linear and has polynomial solutions. Thus, 
we can present its solution in the form 



i" N 



i=0 j=0 



Zj = kjX — a k™ +1 1 — Xq \ 
(j = 0,l,2,...iV), (7i = l,2,...), NeN, 
(/ = 0,1,2,..., n), (2 = 0,1,2,.../). 



From the transformation ([6]) and formula flMj) we have the exact solution of 
the hierarchy ([T]) in the form 



(35) 

(j = 0,l,2,...iV), (n = l,2,...), MEN, 

(/ = 0,1,2,..., n), (2 = 0,1,2,.../). 

For the Burgers equation (n=l) from (1381) we obtain the solution in the 
form 

U {2 > 2) (x,t)= Cl + klG - + * 2e h ' (36) 

v ' (J _|_ (J _|_ qK\x— akft— x\ _|_ Qk2X— a k£ t— X2 

We demonstrate solution ( 137|) when Co = C\ = k\ = 1, k 2 = 2 on Fig. 1. 
For the Eq. (J3J) from (I3"8"j) we have the following solution 

(4>1) f . = C 1 + 2C 2 x + 3C 3 x 2 + fc 1 e^-" fc ^ 

By analogy with solution ( TT9|) we can look for the periodic solutions of the 
equation for the Burgers hierarchy taking the trigonometric functions into 
consideration. Equation (|28|) has trigonometric solutions at n + 1 = 21 + 1 
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Figure 1: The solution (157)1 of the Burgers equation 



in the form 

I M P N 

i=0 m =0 p=0 j=0 

Zj kj Ob CX fcjj t ' 

Z m,p = ^m,p > X + ( — CX {k^^) 2l+1 t — 3J( 1( 2) ) (38) 

(j = 0,l,2,...,iV), (Z = 1,2,...), A^eN, 
(1 = 0,1,2,. ..,2/), (2 = 0,1,2,.../), 

(m,p = 0,1,2, ...,M), M, PEN. 

From the transformation (JBJ) we have the exact solution of the hierarchy 
in the form 

E;=o x% 1 + E m =o km cos z m — E p =o k p | sin z p + Ej=o ^i eZ " 
E[=o ^ 3:4 + Em=o sin 4 + Ep=o cos Z ' P + Y,f=o eZj 
For example, we can write following solution for the Sharma -Tasso - 



Olver equation (1=1) 

^ e k 1 x-aklt-x 1 _|_ cog + ak 2 t — x 2 ) k 2 — sin (k 3 x + ak^t — x 3 ) k 3 



U {3 \x,t) 



C + e*!*- *?*-*! + sin (k 2 x + afcft 



x 2 ) + cos [k 3 x + ak 3 t — x 3 ) 

(40) 



Assuming C = 8, k\ — 2.2, k 2 = 3, k 3 = 6, x\ = 0.3, x 2 = 6 and £3 = 2 we 
demonstrate solution (j4ip on Fig. 2. 




Figure 2: The solution fj4T|) of STO equation 
From formula (139 p we obtain following solution for the Eq. §5§ (1=2) 

jj(5) ( x t \ — Co + ki cos (k±x + ak\t — xi) - k 2 sin (k 2 x + ak\t - x 2 ) 
Co + Cix + sin (£42; + ak\t — x\) + cos (k 2 x + ak 2 t — x 2 ) 

Other solutions can be written using the formula ()2ip . 

4 Rational solutions of the Burgers hierarchy 



Using Eq. (128]) and transformations f l2T|) and (1221) we can find the rational 
solutions of the hierarchy (TTJ) . To obtain these solutions we use the solutions 
of Eq. f[2"g|) in the form 

(42) 



ipo(x,t) = 1, ipi(x,t) = X, . . .,lf) n (x,t) = x r ' 



Integrating i[) n (x,t) = x with respect to x we obtain if) n+1 (x,t) = x 2 + 
t^n+iif)- Substituting ip n+ i(x,t) into Eq. (EBl) we get (p n+ \ = — (n + l)!al 
Substituting ■0 n+1 (x, t) into Eq. f[2"gj) we obtain 



ip n+ i (x,t) = x n+1 -(n + l)\at. 



(43) 
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Continuing in the same way, we can obtain the solutions ijj q (x, t),q — n + 
2, n+3, ... as a result of integration of solution with respect to x. Taking these 
polynomial solutions of (128]) into account we obtain the rational solutions of 



the Burgers hierarchy ([IJ). 

The polynomial solutions of ( 128]) for n = 2 are the following 

tp (x,t) = l, i/j 1 (x,t)=x, ^ 2 (x,t) = x 2 , (44) 

ip 3 (x,i) = x 3 - 6 at, (45) 

i/j 4 (x,t) = x^ -24axt, (46) 

ips(x,t) = x 5 - Q0ax 2 t, (47) 

V> 6 (x, t) = x 6 - 120 a xH + 360 a 2 t 2 , (48) 

ip 7 (x, t) = x 7 - 210 a xH + 2520 a 2 xt 2 , (49) 

V> 8 (ar, t) = x 8 - 336 a xH + 10080 «Vt 2 , (50) 

iftg{x, t) = x 9 - 504 a x 6 t + 30240 a 2 xH 2 - 60480 a¥, (51) 

^io(x, t) = x 10 - 720 a x 7 t + 75600 x 4 a 2 t 2 - 604800 a 3 xt 3 , (52) 

^n(x, t) = x 11 - 990 a x 8 t + 166320 x 5 a 2 t 2 - 3326400 a 3 t 3 x 2 , (53) 
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if} 12 (x, t) = x 12 - 1320 a x 9 t + 332640 x 6 a 2 t 2 - 

-13305600 a¥x 3 + 19958400 aH\ ^ ' 

Taking into account these solutions we have the rational solutions of the 
Sharmo — Tasso — Olver equation in the form 

U 1 (x,t) = -, U 2 (x,t) = - (55) 

X X 



U 3 (x,t) = 3 3 - (56) 
x A — Qat 



^ t) = 4 x(^-24 at) - <57) 



^'■ t) = 5 »(j-60«t) - (58) 



t-t / \ „ x 2 (x 3 — 60 at) /r „x 
^■ t) = 6 ^-120 a ^ + 36b^ - <59) 



x 6 - 120 a x 3 t + 360 a 2 t 2 
7{X ' t] ~ x (x6 - 210 a x 3 t + 2520 a 2 t 2 ) ' ( } 



x 6 - 210 a x 3 t + 2520 a 2 t 2 
Us{X ' t} - S x (xS- 336 a xH + 10080 a 2 t 2 ) ' ( j 



x 2 (x 6 - 336 a x 3 t + 10080 a 2 t 2 ) , . 

U 9 (x, t) - 9 ^ _ 5Q4 - ^ + 3Q24o ^ xH2 _ 6o4go a 3^ 3 , ( J 



x 9 - 504 a x 6 t + 30240 a 2 xH 2 - 60480 a 3 t 3 
lo(X '^~ x (x 9 - 720 a xH + 75600 a 2 x 3 * 2 - 604800 a 3 t 3 ) ' ( ^ 
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Figure 3: The solution fl66l) of the STO equation 



x 



9 - 720 a xH + 75600 a 2 xH 2 - 604800 a 3 t 3 



Ull ( x,t ^ 11 x (x 9 - 990 a xH + 166320 a 2 xH 2 - 3326400 aH 3 )' ^ 

Using the solution of Eq. f[2"8"j) as the sum of rational, exponential functions 
and, at n — 21, trigonometric functions we can obtain many solutions of the 
hierarchy ([1]). In particulare, at n = 2, taking into account solution in the 
form 

t) = C 2 (1 + x 2 ) + e kl *- Qfe i 3 *-*i + cos (k 2 x + a k 2 H - x 2 ) (65) 

we have solution of the Sharma — Tasso — Olver equation in the form 

2C 2 x + k l e klX - aklH ~ Xl - sin (k 2 x + a k 2 3 t-x 2 ) k 3 , . 

U(x t) = - ' - — ' - ; (66) 

C 2 (1 + x 2 ) + e*!*-"*! 3 *-*! + cos (k 2 x + a k 2 t - x 2 ) 

Assuming C 2 — 8, k\ — 2.2, k 2 — 6, x\ — 0.3, and x 2 = 2 we obtain 
solution f )66|) on Fig. 3. 



5 Conclusion 

In this paper the generalized Cole-Hopf transformation was found for the 
Burgers hierarchy. We have presented some classes of the exact solutions for 
the Burgers hierarchy. These classes are expressed via the rational, exponen- 
tial and triangular functions and as the sum of these functions. 
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